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Abstract: The mixed problem for the fourth order partial differential equation with Dirichlet
boundary conditions is considered. Corresponding spectral problem is constructed. After
construction asymptotic of eigenvalues, the important properties of the Green function were
studied, the decomposition theorem is proved. As a main result, solution of mixed problem is found
in class of parobolic equation by sense Shilov, included wider class of parabolic equations.

Keywords: eigenvalues, Green function, fundamental solution, characteristic determinant,
spectral problem, the theorem of decomposition, mixed problem.

The article is dedicated to the solution of a mixed problem with Dirichlet

boundary conditions:

au((;f) =i54g)£§af)+q(x)azgg’t) ,0<x<1,¢>0 (1)
u(x,O)= (D(X), (2)

Ll(u)zu(o,t)= 0,

Lz(u)zu(l,l)zo,
Ls(u)E auéx,t) =0, €)

Ly(u)= auéi,z) _o

where ¢(x) and ¢(x) are complex value functions.
Spectral problem corresponding to the mixed problem (1)-(3) has the form
" +qlx)y" -ty =-p(x), 0<x<lI (4)
L(y)=0, k=14 (5)
The roots of the characteristic equation in the Birkhof sense corresponding to
equation (4) are as follows:

.

0, =0=c%, 0,=i0, 0,=-0, 0,=—i 0
To find the asymptotic of fundamental solutions the A -complex plane is divided
into eight sectors by the following way [2,4]:

S, :{,1 A tg%z <(-12, < lltg%}, k=12,

S, :{,1;/11 tg%< (1) 4, < /Iltg%[}, k=34,
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S, = {z : A, tg(— %j <(-1)'4,< /Iltg%}, k=56,

Sk—{/i thg(—%rj <(- )22<21tg(——j}k 7.8.

If q(x) eC l[0,1] , then on each of sectors S, (k = 1,8) at large values of |4| the
asymptotics of the fundamental solution of equation (4) has the following

representation [6]:
| B 1
r)dr + 0| — | le* ;
o oo+ of ]

0D g yl1s
g 4

dx"
|/1|—>+oo,/16Sn(n=1,_8), n=14; m=03 . (6)
Green function [2,3] of spectral problem (4), (5) has the form
Alx, &, 1) —
Glx,&,4)= ; AeS,, k=18. 7
(x.¢,2) ORERAR (7)

A(A) is called a characteristic determinant and can be found as follows:
L(y) L(»,) L) L(».)
L,(») L,(»,) L,(»,) L, ()
L) L) L(y,) L,(»,)
L,(v) L,(».) L,(»,) L,(»,)
and auxiliary determinant A(x, 5,/1) is found as follows

g(x.6,2) ,(%,2) y,(x,2) y,(x,2) y,(x,2)
L(g), L) Ly.) L(y,) L ()

A& )= Lg). L) L(,) L0y) L) |
L(g). L) L(,) L) L(x.)
Llg). L) L) L) L)

2

where Cauchy function g(x,£,1) takes the form [2]
glx.¢.2)= sz §.4)yi(x.2)

k 1
“prif OSéSxSI,u ”lfOS)CSggl ,
,/1 = 4k—, k — 1’4 ,
HED=e)
V,.(£, 1) is an algebraic complement of the fourth row element of Vronskian 7(&,1)

To find the asymptotic of eigenvalues of spectral problem (4), (5) the following
theorem was used, [1,7]:
Suppose,that ¢(x)e C'[0,1], then the zeros of the characteristic determinant A(A)

are countable set, single limit points of which is A= and the following formulas
for the asymptotic zeros are true:

A1) =

_2n+1_£
ﬂn 2 07

n—» oo
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1
ﬂ,i Zﬂ: _éﬂjjq(f)errO(n) n— o (8)
0

Based on this fact the following theorem of decomposition is proved:
Teorem: Suppose, that functions ¢(x) and ¢(x) satisfies to the following

conditions ¢(x)e C'[0,1],p(x)e C*[0,1], ¢(0)=¢(1)=¢'(0)=¢'(1)=0. Then for the function
¢(x) following formula of decomposition is true:

o)=—--% ;ficxx,s,w(g)dwz,.

here C,-simple contour and contain only one pole of the Green function in the

A-complex plane
Proof:
First let’s choose the numbers 6, (kzl,_4) in each sectors S, (p :1,_8) of which

the inequalities
RefA<RebhA<0<RebA<Rebi, A€S, (p = E) are satisfies [5]. For that it is enough
to make the choice as follows.
O=w5; Oh=0,, bi=0,; O,=0; AeS§;
O=0y; O,=0,;, b;=0, 0O,=a; AeS,;
b=0,;, =0, =0, 0,=0,,; AeSs;
O=w); b=, Oi=w;; O,=0,;, A8,
b= O,=0,;, b=0, 0,=0w;; A€Ss,;
b=0; =0,, 6=0,;, 0,=0;, AeSq;
b=0,; 6,=0,;, 6=0,; 0,=0,, AesS;;
b=0,; =0y, =0, 0,=0,, AeSs;
Let’s multiply the second, third, fourth, fifth column of the determinant
Alx,&,1) by %zl(éf,i), 522(5,/1), —%@(5,1), —%z4(§,/1) correspondingly and add to

first colomn. After these transformations, let's denote the elements of the first column
by g,(x.&4) and g,(£4) (p=14) and get :
_ Zl((:?i)yl(xﬁﬂ’)—l— Zz(‘f»l)yz(xaﬂ)a 0<
8o (x’ éa /1) -
= 2,(§. ANy (0, )= 2, (&, )y, (v, 2), 0

2 d?y.(x, 1 4 d? A _
gpa(6A)=-2 2 (m% %S (m)% ,p=03,
k=1 k=3

x=1

here
£

z,(8,2)= %%{1 - 4;9}{ _([q(r)dr - O(%ﬂel% , [ oo, 2e8, (p = 1,_8)

V - the Vandermonde determinant of the numbers 6,, 6,, 6,, 6, , V,, - is algebraic
co-factor of the (4,k) element of determinant .

First, expanding the determinant A(x,&, 1) in the first row, and then each of the

obtained determinants in the first column, we’ll get:
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M) fn )+ 33l 2) 2

Let’s denote O, (k=1,2,3,...) series of circle with center of the origin in -

kompleks plane, radiuses of which are increases and satisfies to condition limr, = +o.

k—o

Let’s choose radiuses of series of circle O, (k=1,2,3,...) under condition, that thare are
don’t intersect § -neighborhood of zeroes of the determinant A(4).

iA(z’(—j’)%(é)dé - Sz, (6 AolME - 2, (m)i (& Aolec +
FYY 0, (52) jgk & AplEM

m=1 k=1

Integrating by part all integrals of the right side of the previous equality we’ll
1 .
A(x.&,2) i 0y, M)
t. dé =—- s
ge !W@) &= olx)+ PR
here function M(x,£,4) is bounded on interval [0,1] with respect to x and &, and
analytical with respect to 4 in sectors A€ S ( =18),
}gnz— J fl Glx, &, Ap(E)Ed =2 J ﬂ G(x, &, Apl)ds
7 o,
Thus, for ¢(x) we’ll get the formula to put in the theorem.

The theorem is proved.
As it is known, that at Reg(x) >0,0<x <1 equation (1) is parabolic in the sense

of Shilov [8]. A following theorem allows us to find solution of the mixed problem
(1)-(3) not only in case of parabolic in the sense of Shilov, but also wider classes:
Theorem. Suppose, that functions ¢(x) and ¢(x) satisfies to the conditions:

q(x)e C'[0,1], p(x)ec?[01], p(0)=p(1)=¢'(0)=¢'(1)=0, Re[¢(r)ir>0. Then solution
0
of the mixed problem (1)-(3) is found by the following formula:
u(x, t ——ZZZ res /13 ’“'[Gx.f/l)go E)dé )
k=1 n= l

here as 4, (k=1,4,n=l,2,3,...) are denoted all zeroes of the Green function of the
corresponding spectral problem and asymptotics of the eigenvalues has been found
by formula (8).

Solution of the mixed problem is searched as follows

ZZres /13ij§1)2§¢/1)51§ (10)

k=1 n=1 A=

here z(£,¢,4) is unknown function. Takmg into account (10) in (1) and (2) to find
function z(&,7,1) we’ll get the following Cauchy problem

dz(&,1,2) s
— = =2'z(&,1,1) (11)

2(£,0,2)=-ip(¢) (12)
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Solution of the Cauchy problem (11) - (12) is found by formula
A&0,2)=-ip(&e"". (13)

Taking into account solution (13) in series (10) we get the folmula (9). It is easy
to check that series (9) is the formal solution of the mixed problem (1)-(3).
Using formula (8) the following estimation is true :

—tn’n? iq(r)dr+0(n)

1
=Rl — , Rejq(r)dr>0
0

4
Ant

e

It shows, that at >0 and xe[0,1] the function u(x,7), defined by series (9) and

its forth order with respect to x, and first order with respect to ¢ derivatives
uniformly and absolutely converges. The theorem is proved.
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Annomayusn: Paccmompena cmewanuas 3adaua 011 OughghepenyuanvHo2o ypasHenus ¢
YACMHBIMU NPOU3BOOHBIMU YEMBEEPMO20 NOPAOKA C cpanuynbiMu ycaosuimu Jupuxie. Cmpoumcs
coomseemcmaylowas cnekmpanvhas 3aoada. Ilocie nocmpoenuss acumMnmomuxu coOCMEeHHbIX
3HAueHUll usyuenvl eadchvie ceolicmea @Qyuxkyuu I puna, ooxkazana meopema o paznodxcenuu. Kax
OCHOBHOU pe3yibmam, peuleHue CMeUulaHHoU 3a0adyu HNOoJAY4eHo 6 Kidcce NapoOOIUYecKUx
ypasnenuii no Llunosy, exmouaiowem 6oee wupoKuil Kiacc napadoiuieckux ypagHeHull.

Kniouesvte cnosa: coocmeennvie 3navenus, ¢yukyusa [ puna, ¢pynoamenmanvroe peuierue,
Xapaxmepucmu4eckutl onpeoeiumeb, CReKMpaibHas 3a0a4d, meopema pasioNCeHus, CMeuanHas
3a0a4a
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